We report ab initio (LDA + U sc ) calculations of thermoelastic properties of ferric iron (Fe 3+ 
Introduction
Aluminum (Al) and iron (Fe)-bearing bridgmanite (br), (Mg,Fe,Al) (Si,Fe,Al) O 3 perovskite, is the dominant mineral of the Earth's lower mantle along with (Mg,Fe)O ferropericlase (fp), CaSiO 3 perovskite, and (Mg,Fe,Al)(Si,Fe,Al)O 3 post-perovskite (PPv). In order to unravel the composition and thermal structure of the lower mantle, a very good estimate of thermal and elastic properties of these constituent minerals is required. In spite of considerable experimental (Sinnelnikov et al., 1998; Fiquet et al., 2000; Andrault et al., 2001; Jackson et al., 2004; Sinogeikin et al., 2004; Jackson et al., 2005b; Li and Zhang, 2005; Murakami et al., 2007; Lundin et al., 2008; Boffa Ballaran et al., 2012; Chantel et al., 2012; Murakami et al., 2012; Dorfman et al., 2013) and computational effort (Karki et al., 1999 (Karki et al., , 2001 Kiefer et al., 2002; Wentzcovitch et al., 2004 Wentzcovitch et al., , 2009 Wu et al., 2009; Shukla et al., 2015a; Wang et al., 2015; Zhang et al., 2016) , the available data on high pressure and high temperature elastic properties is still quite limited due to lack of sufficient understanding of the physics and chemistry of these minerals under extreme pressure and temperature conditions typical of the Earth's lower mantle. It has been shown that the iron in (Mg,Fe)O ferropericlase undergoes a pressure induced crossover from a high-spin (S=2) to a low-spin (S=0) state (Badro et al., 2003; Goncharov et al., 2006; Tsuchiya et al., 2006) , which noticeably affects elastic properties (Crowhurst et al., 2008; Marquardt et al., 2009; Wentzcovitch et al., 2009; Wu et al., 2009; Antonangeli et al., 2011; Wu et al., 2013; Wu and Wentzcovitch, 2014) .
In the case of Al-and Fe-bearing bridgmanite, the elasticity data base is even more limited due to uncertainties associated with the possible coexistence of ferrous (Fe 2+ ) and ferric (Fe 3+ ) iron and their pressure induced state changes. Moreover, the uncertainties associated with the site occupancy of Al and Fe in the perovskite structure make elasticity measurements and calculations of Al-and Fe-bearing bridgmanite even more challenging. By now it is believed that Fe 2+ occupies the A-site ] S i ) of the perovskite structure (Badro et al., 2004; Li et al., 2004; Jackson et al., 2005a; Li et al., 2006; Stackhouse et al., 2007; Lin et al., 2008; Bengtson et al., 2009; Dubrovinsky et al. , 2010; Hsu et al., 2010 Hsu et al., , 2011 Hummer and Fei, 2012; Lin et al., 2012 Lin et al., , 2013 Tsuchiya and Wang, 2013; Caracas et al., 2014; Sinmyo et al., 2014; Mao et al., 2015) . In the entire lower mantle pressure-range, [Fe 2+ ] Mg remains in the HS state (S=2) but undergoes a pressure induced lateral displacement (Bengtson et al., 2009; Hsu et al., 2010) , which results in a state with increased iron Mössbauer quadrupole splitting (QS) Bengtson et al., 2009; Hsu et al., 2010; Lin et al., 2012 Lin et al., , 2013 McCammon et al., 2013; Potapkin et al., 2013; Kupenko et al., 2014; Shukla et al., 2015a) .
On the other hand, [Fe 3+ ] S i goes from the HS (S=5/2) to the LS (S=1/2) state and [Fe 3+ ] Mg remains in the HS (S=5/2) state throughout the lower mantle pressure region (Catalli et al., 2010 (Catalli et al., , 2011 Fujino et al., , 2014 Hsu et al., 2011; Lin et al., 2012 Lin et al., , 2013 Tsuchiya and Wang, 2013; Mao et al., 2015; Shukla et al., 2015b; Xu et al., 2015) . For Al-bearing bridgmanite, experimental observations suggest that Al enters the lattice through coupled substitutions as [Al] Mg -[Al] S i (Andrault et al., 2001; Jackson et al., 2004 Jackson et al., , 2005b Based on X-ray emission spectroscopy (XES) and Synchrotron Mössbauer spectroscopy (SMS), it has been suggested that [Fe 3+ ] S i in Fe 3+ -bearing bridgmanite undergoes a pressure induced HS to LS crossover in the pressure range 48-63 GPa (Catalli et al., 2010) and 18-25 GPa (Lin et al., 2012; Mao et al., 2015) for the samples containing ∼10 mol.% and ∼0.01 mol.% Fe 2 O 3 , respectively. Using Synchrotron X-ray diffraction data, Mao et al. (2015) recently observed a noticeable volume collapse across the crossover region and this observation is consistent with the previous ab initio predictions (Hsu et al., 2011; Tsuchiya and Wang, 2013) . Similarly to the spin crossover in (MgFe)O ferropericlase Crowhurst et 2008; Marquardt et al., 2009; Antonangeli et al., 2011; Wentzcovitch et al., 2009; Wu et al., 2009 Wu et al., , 2013 , this volume collapse should cause elastic anomalies across the spin crossover region. These anomalies may have significant impact on the lower mantle properties (Wu and Wentzcovitch, 2014 
Computational details
Here we have used density functional theory augmented by the self-and structurally consistent Hubbard type correction (DFT + U sc method) (Cococcioni and de Gironcoli, 2005; Kulik et al., 2006) within the local density approximation (LDA) (Ceperley and Alder, 1980) Hsu et al. (2011) . Elastic moduli and density for 0 < x < 0.125 have been linearly interpolated using calculated results for x = 0 and x = 0.125. All calculations have been performed in a 40-atom super-cell (x = 0.125). Ultrasoft pseudo-potentials (Vanderbilt, 1990) have been used for Al, Fe, Si, and O. For Mg, a norm-conserving pseudo-potential generated by von Barth-Car's method has been used. A detailed description of these pseudo-potentials has been reported by Umemoto et al. (2008) . The plane-wave kinetic energy and charge density cut-off are 40 Ry and 160 Ry, respectively. For all three configurations mentioned above, the electronic states have been sampled on a shifted 2×2×2 k-point grid (Monkhorst and Pack, 1976) . The equilibrium geometry at arbitrary pressure has been obtained using the variable cell-shape damped molecular dynamics (VCS-MD) (Wentzcovitch, 1991; Wentzcovitch et al., 1993) . Vibrational effects have been addressed within the quasiharmonic approximation (QHA) (Carrier et al., 2007; Wallace, 1972) . Vibrational density of states (VDOS) have been computed using the density functional perturbation theory (DFPT) within the LDA + U sc implementation (Floris et al., 2011) for the exchange-correlation energy functional.
Aggregate elastic moduli and acoustic velocities were calculated for
substitutions using a semi-analytical method (SAM) (Wu and Wentzcovitch, 2011) . For this purpose, equilibrium structures were obtained at 10-12 pressure points in the relevant pressure-range and dynamical matrices at each pressure point were calculated using DFPT in a 2 × 2 × 2 q-point grid. Thus, obtained force constants from dynamical matrices were interpolated in a 8 × 8 × 8 q-point grid to obtain VDOS. The static elastic coefficients, C static i jkl , were obtained at each pressure by applying small ±1% strains to the equilibrium structure, relaxing internal degrees of freedom, computing internal stresses and extracting them from the stress-strain relation σ i j = C i jkl kl . This strain is small enough to maintain linearity in the stress-strain relation and large enough for good numerical accuracy in the calculation. Owing to the orthorhombic crystal symmetry, bridgmanite has nine independent elastic constants (i.e., C 11 , C 22 , C 33 , C 44 , C 55 , C 66 , C 12 , C 13 , C 23 in Voigt notation). Bulk (K) and shear modulus (G) have been estimated by computing Voigt-Reuss-Hill averages (Watt et al., 1976) . Using K and G along with the high temperature equation of states (for density, ρ), we obtained the pressure and temperature dependent acoustic velocities
Results and discussion

Elasticity of [Al] Mg -[Al] S i -bearing bridgmanite
Our calculated aggregate elastic moduli (K and G), acoustic velocities (V P , V S , and V Φ ), and density for pure MgSiO 3 and Al-bearing bridgmanite are shown in Figure 2 . Results of pure MgSiO 3 shown here have been taken from our previous study (Shukla et al., 2015a) . Our calculated high temperature results, especially shear moduli and shear velocities at 2700 K, are in good agreement with experimental data (Li and Zhang, 2005; Chantel et al., 2012; Murakami et al., 2012) (Figure 2a and 2a ), which shows that ab initio methods used here provide a robust estimate for elastic properties of minerals at pressure and temperature conditions typical of the Earth's lower mantle. Our results for Al-br with x = 0.05 at 300 K also compare well with the room temperature data by Jackson et al. (2005b) and Murakami et al. (2012) for Al-bearing samples containing ∼5 wt% and ∼4 wt% of Al 2 O 3 , respectively (Figure 2b and 2b ) . For Al-br, calculated pressure derivatives of elastic moduli, K and G , are 4.06 and 1.85, respectively. These values are fairly comparable with those reported by Jackson et al. (2005b) (Table 1 ).
In overall, our results of Al 2 O 3 substitution at 300 K are consistent with previous experimental studies (Jackson et al., 2004 (Jackson et al., , 2005b Murakami et al., 2012 
for i, j = 1 − 3 and
for i = 4 − 6. Here S i j HS /LS and V HS /LS are the elastic compliances and volume of pure HS/LS state, respectively. n is the low-spin (LS) fraction of [Fe 3+ ] S i and is given by . Elastic coefficients C i j are obtained using the relation:
The pressure and temperature dependence of LS fraction of [Fe 3+ ] S i , n(P, T ), in Fe 3+ -br for x = 0.125 is shown in Figure 3a .
The spin crossover pressure range in our calculation is much broader than that reported by Tsuchiya and Wang (2013) . Our estimated transition pressure width at 300 K is about ∼8 GPa, in fairly good agreement with the experimental data (Catalli et al., 2010; Lin et al., 2012; Mao et al., 2015) , while the one reported by Tsuchiya and Wang (2013) (Shukla et al., 2015a) . Our calculated 300 K compression curve for Fe 3+ -br with x = 0.10 also compare well with experimental data (Catalli et al., 2010) ( Figure 3b ). Therefore, we believe that calculation of VDOS and its free-energy contribution using DFPT + U method is quite robust.
Our results for elastic moduli, acoustic velocities, and density of Fe 3+ -br with x = 0.05 are shown in Figure 4a and 4a .
The spin crossover of [Fe 3+ ] S i produces anomalous softening in the bulk modulus in the crossover pressure region and this anomalous behavior is also reflected in compressional (V P ) and bulk velocities (V Φ ). The strength of the anomaly depends on temperature, volume difference (∆V HS →LS = V LS −V HS ), and Gibb's free energy difference (∆G HS →LS = G LS −G HS ). ∆V HS →LS for Fe 3+ -br with x = 0.01 is approximately ∼-0.15% (Figure 3b ), which is in good agreement with previous ab initio calculations (Hsu et al., 2011; Tsuchiya and Wang, 2013) and is fairly comparable to experimental value ∼-0.2% (Mao et al., 2015) . This volume reduction causes quite a significant softening in the bulk modulus (∼12% at 300 K), while the shear modulus increases only by a small amount (∼0.5% at 300 K) across the transition region.
Effects of Al substitution on the spin crossover of Fe 3+ was previously studied by Hsu et al. (2012) 
Geophysical significance
Understanding the effect of Al and Fe substitution on the elastic properties of bridgmanite is essential to unravel the composition, thermal structure, nature of seismic heterogeneities, and dynamics of the Earth's lower mantle. Table 1 compares calculated volume, elastic moduli (bulk modulus, K, and shear modulus, G), their pressure derivatives (K , G ), and acoustic velocities (V P , V S , and V Φ ) at ambient pressure and temperature conditions for the most relevant substitutions. Inclusion of 12.5 mol.% of Al 2 O 3 in bridgmanite changes volume, K, and G by ∼0.5%, ∼ −1.2%, and ∼ −3.5%, respectively. This trend becomes more noticeable when the same amount (12.5 mol.%) of Fe 2 O 3 is substituted, which results in ∼3%, ∼ −5%, and ∼ −15% change in volume, K, and G, respectively. It is important to note that the effect of Fe 2 O 3 substitution is different from that of FeO. As seen in Table 1 , the presence of 12.5 mol.% of FeO increases K by ∼0.5%, while the same amount of (Dziewonski and Anderson, 1981) . The inclusion of Al 2 O 3 does not seem to affect the elastic properties of bridgmanite significantly (Figure 5a and 5a ) (Xu et al., 2015) , might explain the lack of sizeable spin crossover induced elastic anomalies in the PREM model (Dziewonski and Anderson, 1981) . In addition, the elastic properties of (Mg 0.90 Fe (Wentzcovitch et al., 2004) .
Conclusions
We have presented ab initio calculations of thermoelastic properties (Li and Zhang, 2005; Jackson et al., 2005b; Chantel et al., 2012; Murakami et al., 2007 Murakami et al., , 2012 The molar Gibb's free energy for the system (under stress σ) in the MS state is given by
where n(P, T, σ) is the low-spin (LS) fraction, T is temperature, P is pressure, G LS /HS is the Gibb's free energy for pure HS/LS state. G mix is the mixing free energy for ideal solid solution of HS and LS states of [Fe 3+ ] S i and is given by Minimizing G(P, T, n, σ) (Eq. A.1) with respect to LS fraction n(P, T, σ), we obtain 
